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Introduction: Occlusive arterial disease is usually multi-focal but the cumulative functional effect of multiple arterial
stenoses is not fully understood. We tested the hypothesis that a non-linear pressure/flow model (DP ¼ k1Q þ k2Q2) that has
been validated for single stenoses is also valid for multiple stenoses arranged in series.
Method: The pressure/flow characteristics of three dissimilar modelled stenoses were measured individually and in different
combinations using a hydraulic flow rig.
Results: The combined effect of multiple stenoses fitted the non-linear model accurately (R2 ¼ 0.99) and approximated to
the sum of the k1 and k2 parameters for each individual stenosis. For multiple stenoses the cumulative k1 was less than the
predicted and the series order of the individual stenoses consistently altered the combined effect.
Conclusions: A sequence of multiple stenoses is functionally equivalent to a single equivalent stenosis of greater functional
severity and can be represented by a single viscous ðk1Þ and inertial ðk2Þ pressure loss coefficient. This finding allows the term
‘critical stenosis’ to be defined precisely in terms of the functional effect rather than the anatomical appearance, particularly
where disease is multi-focal.
Introduction
The symptoms associated with occlusive arterial
disease are due to a limitation of blood flow to the
tissues supplied by the diseased vessel and a reliable
assessment of the functional effect of occlusive arterial
disease is necessary for rational planning of treatment
in symptomatic patients. Mann et al showed that
resting flow in a dog’s carotid artery was only reduced
if a single stenosis occluded more than 70% of the
normal cross-sectional area1 and this relationship
between anatomical severity and functional effect is
commonly used to infer functional impairment during
angiography, duplex ultrasound and magnetic reson-
ance imaging. However, it is accepted that the
subjective anatomical appearance of a partially
occluded artery on an angiogram is an unreliable
indicator of its haemodynamic significance and that
objective assessment using direct pressure measure-
ment is more accurate.2
For normal arteries the time-averaged pressure-
drop (DP; N/m2) and volume flow rate (Q, m3/s) are
linearly related by Poiseuille’s Law
DP ¼ 8mL
pr4
Q ð1Þ
where m (Ns/m2) is the viscosity of the fluid and r, L
(m) are the internal radius and length of the artery,
respectively. In contrast, the pressure-flow relation-
ship of a short, tight stenosis in a large artery is more
accurately approximated by the non-linear modified
Bernoulli’s equation
DP ¼ r
2
n2 ð2Þ
where r (kg/m3) is the density of the fluid and n (m/s)
is the velocity of the fluid within the stenosis. This
equation is widely used to estimate the peak systolic
pressure gradient across a stenotic heart valve using
duplex ultrasound measurement of the systolic peak
velocity of the jet.3
May et al, considered a long symmetric stenosis to
be a combination of the Poiseuille and Bernoulli
approximations4 and the general validity of this
assumption was confirmed both theoretically and
experimentally by Young et al for steady and unsteady
flow.5,6 Dodds showed that the general form of May’s
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equation for time-averaged or steady flow is
DP ¼ k1Q þ k2Q2 ð3Þ
where k1 and k2 are empirically rather than theoreti-
cally defined constants and confirmed experimentally
that the hydraulic resistance ðR ¼ DP=QÞ of single
symmetric and asymmetric stenoses increases linearly
with flow from a minimum value ðk1Þ with a slope
ðk2Þ :7,8
R ¼ k1 þ k2Q ð4Þ
While Dodds’ equation accurately represents the
behaviour of a single stenosis under steady flow
conditions the situation in vivo is more complex
because occlusive arterial disease is usually multi-
focal within a single arterial segment and between
different segments and there is currently no reliable
way to estimate the combined effect from the
angiogram alone.9 Previous in vitro studies have
shown that a series of stenoses can give a combined
effect that may become ‘critical’10 – 18 but the precise
definition of a critical stenosis is not agreed.19 – 21 The
definition proposed by May was ‘a stenosis sufficient
to prevent an increase in blood flow above resting
values in response to increased oxygen demands,
whilst not significantly attenuating resting flow’19 and
is the most clinically applicable definition. May’s
haemodynamic definition of a stenosis is consistent
with the concept that the pressure drop across a critical
stenosis equals the maximum available pressure when
the flow through the stenosis is equal to the resting
flow. Dodds showed that the functional effect of a
single stenosis can be represented as a maximum flow
ðQmaxÞ for a given pressure difference by solving Eq. 3
using the quadratic formula
Qmax ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k21 þ 4DPk2
q
2 k1
2k2
ð5Þ
and showed that this correlated most closely with
stenosis percentage area reduction.8 An alternative
method of representing the functional effect of a
stenosis is to measure the pressure drop at a specified
flow using Eq. 3.
The observation that the pressure/flow relationship
for a single symmetric or asymmetric stenosis is non-
linear suggests that the pressure/flow characteristic of
any combination of stenoses might be of the same
form. The aim of this study was to test the hypothesis
that the May–Dodds model for single stenoses is also
valid for multiple stenoses arranged in series and to
test the hypothesis that the functional effect of the
composite stenosis can be predicted from measure-
ment of the individual stenosis components.
Method
An in vitro flow simulation was conducted using a
range of square-ended, cylindrical, aluminium plugs
of external diameter 6.7 mm. Different lengths were
cut and a circular hole of different diameter was
machined along the central axis of each one to create a
range of unequal stenoses with diameter reductions
between 67 and 73% (Table 1). Silicone tubing of
internal diameter 6.7 mm was used to connect the
stenoses to a computer-controlled constant-flow
pump. The pump was programmed to generate a
sequence of flows that allowed the pressure/flow
characteristics for each stenosis to be tested over the
range of flows from 0 to 700 ml/min. The accuracy of
flow was measured to within ^10 ml/min using
timed collection of the effluent. Pressure measure-
ments were made by means of physiological pressure
transducers communicating with the lumen of the
tube by blunt-ended 18 G needles. The transducer
outputs were sampled 100 times per second using an
analogue/digital converter, and the results averaged
over 10 sec to eliminate noise and random pressure
fluctuations. The transducers were calibrated using a
mercury manometer and zeroed before each exper-
iment to eliminate baseline drift. Pressure measure-
ments were found to be reproducible to within
^1 mmHg. Distilled water at room temperature
(viscosity ¼ 0.001 Ns/m2, density ¼ 1000 kg/m3) was
used for all experiments and each experiment was
repeated and the results combined. In order to reduce
the error inherent in small pressure gradient measure-
ments, these were only included in the analysis when
the pressure gradient exceeded 10 mmHg. The inlet
tube was 1 m long to ensure fully developed flow
proximal to the stenosis and the mean flow in the inlet
tube was assumed laminar by limiting the maximum
flow to a Reynolds number of less than 2000.
Individual stenoses were separated by a distance of
10 cm and pressure measurements were made 5 cm
upstream and 20 cm downstream of the set of
stenoses. Stenoses were studied individually, in pairs
and as triplets in different sequences to test the effect of
changing the order of the stenoses. The effects of
unsteady flow and varying stenosis geometry,
spacing, fluid viscosity and fluid density were not
tested in this study.
Analysis
The data for each stenosis combination was analysed
using quadratic regression analysis and plotted as
resistance versus flow and the parameters k1 and k2
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calculated using linear regression. Goodness of fit with
Eq. 4 was measured using the Pearson correlation
coefficient and the 95% confidence intervals for
the parameters k1 and k2: Flow is given in ml/min,
pressure in mmHg, hydraulic resistance ðk1Þ in
peripheral resistance units (PRU) (1 PRU ¼ 1
mmHg/ml/min) and the slope of the resistance/
flow line ðk2Þ as mPRU/ml/min. The predicted
functional effect of a combination of stenoses was
calculated by summation of the individual stenosis
parameters and compared with the measured value
for that combination. The threshold for statistical
significance was taken as 5%. The total functional
effect for each stenosis combination is expressed as the
pressure gradient at an estimated resting flow rate of
300 ml/min ðP300Þ using Eq. 3 and as the maximum
flow for a pressure of 90 mmHg ðQ90Þ using Eq. 5.
Results
Fig. 1 shows a typical set of pressure gradient and flow
measurements for a single stenosis (C) and illustrates
how the fitted quadratic curve passes through the
origin (zero pressure drop at zero flow) as required by
the Laws of Thermodynamics. The resistance versus
flow lines for each stenosis are shown in Fig. 2 and the
viscous ðk1Þ and inertial ðk2Þ coefficients for each
individual stenosis are summarised in Table 2.
The overall functional effect of each stenosis is
represented as the pressure drop at an arbitrary flow of
300 ml/min and as the flow for a pressure gradient of
90 mmHg and shows that C is the most severe
followed by B and then A. Table 2 also gives the
contribution made to the overall pressure drop by the
inertial ðk2Q2Þ term of Eq. 3 and illustrates that for
the longest stenosis (A) the effect of the viscous term is
proportionately greater, while for the shortest stenosis
(C) the inertial term dominates the functional effect.
The results for the six possible combinations of
pairs of stenosis are summarised in Table 3 and the
results for two of the possible arrangements of all three
stenoses is shown in Table 4. All the results for
multiple stenoses show a near perfect fit with the
quadratic pressure/flow model and the linear resist-
ance/flow model ðR2 . 0:999Þ and in all both terms are
significant ðP , 0:05Þ: The data show that the
measured k2 terms for the stenosis pairs are not
significantly different from the predicted values
obtained by summing the measured values for the
individual stenoses ðP . 0:05Þ: In contrast, the
measured values for k1 for each composite stenosis is
significantly lower than predicted. There is a
consistent trend that when the functionally more
severe stenosis is upstream of the less severe (i.e. B
then A, C then B, and C then A) the value k2 is
greater than predicted while the converse is true when
the less severe stenosis is upstream. Tables 3 and 4
show that the predicted pressure drop at 300 ml/min
tends to be higher than the measured drop, which is
consistent with the fact that the predicted k1 is also
greater (Fig. 2).
Discussion
This study was not intended to simulate exactly the
predicted haemodynamic effect of these stenoses in
vivo as previous studies have shown that parameters
derived from steady flow experiments are valid for
unsteady flow.5,6 In addition, the excellent agreement
with the quadratic model suggests that changes in
Fig. 1. Pressure-flow measurements (†) for steady flow of
water through stenosis C (20 mm long, 73% diameter
reduction, 93% area reduction) together with the best-fit
quadratic regression line. Note that the pressure drop at zero
flow is close to zero. The interpolated pressure gradient at
300 ml/min is 42.7 mmHg.
Table 1. Dimensions of individual stenoses.
Stenosis Stenosis length (mm) Lumen diameter (mm) Diameter reduction (%) Area reduction (%)
A 40 2.2 67 89
B 30 2.0 70 91
C 20 1.8 73 93
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fluid viscosity and density do not invalidate the
general conclusions but further studies using a blood
analogue and unsteady flow should be done to derive
appropriate criteria for use in vivo.
Weale10 and Vonruden et al11 found that the
haemodynamic effect of multiple stenoses of different
severity was dominated by the stenosis with the
smallest lumen. In contrast, Talukder et al showed
that the effects of multiple, identical, stenoses of 50%
area reduction were cumulative and predictable.12
Flanagan et al found a cumulative effect of multiple
stenoses in excised canine iliac arteries even when
none of the stenoses were critical according to
May’s definition13 and Kilpatrick et al showed that
individual resistances of stenoses in series could be
summed to give the approximate effect of the
combined stenosis.18 Talukder showed that the spa-
cing of identical, sub-critical stenosis made little
difference12 and Kilpatrick remarked that the order
of the stenoses seemed to be unimportant.18 Feldman
et al created long stenoses by combining two shorter
ones and concluded that, at resting flow, two shorter
stenoses seemed to have the same flow characteristics
as one longer one, although there seemed to be slightly
more loss of pressure across the double stenosis.15 In
contrast, Sabbah showed that multiple short 50%
diameter stenoses had a greater effect than a single
stenosis of equivalent total length17 and Beckmann et al
showed that the additive effect of stenoses depended
on whether they were individually critical or sub-
critical.16 In all the previous studies, attention has
focussed on the pressure drop or resistance at a
specific flow rate or the effect on flow of increasing the
stenosis severity and not on the whole pressure-flow
relationship. Previous work has shown that, in some
circumstances, multiple stenoses have a cumulative
effect but falls short of actually characterising the effect
or defining what constitutes a functionally critical
lesion.
In contrast to the previous work, the aim of this
study was to examine specifically the pressure-flow
relationship of individual stenoses and multiple
stenosis combinations. The individual stenoses varied
in both length and diameter reduction no two stenoses
were identical. In all cases of single and composite
stenoses the resistance-flow plots were linear indicat-
ing that Dodds’ equation for stenosis resistance is
valid for any geometry. This finding means that the
functional effect of any number of stenoses in a single
arterial segment can be represented by a pair of
numbers k1 and k2; the viscous and inertial loss
coefficients, respectively. In other words, any number
of stenoses in a single arterial segment can be
functionally represented by a single equivalent
stenosis and using the parameters of this equivalent
stenosis and using Eq. 3 and 4 the pressure drop,
hydraulic resistance at any flow can be predicted.
The ability to approximately predict the overall
functional effect from measurements of individual
stenoses is only possible if the correct non-linear
model of a stenosis is used. In this study, increasing a
single stenosis area from 89 to 93% was associated
Table 2. Values of k1 (viscous loss) and k2 (inertial loss) for each individual derived from linear regression analysis of the resistance
ðR5 DP=QÞ and flow (Q) measurements for the stenosis together with the predicted pressure gradient at 300 ml/min ðDP300Þ; proportion of
the pressure drop due to inertial losses ðk2Þ and the predicted flow for a pressure of 90 mmHg ðQ90Þ.
Stenosis Viscous loss k1
(PRU)
Inertial loss k2
(mPRU/ml/min)
Correlation
coefficient ðR2Þ
DP300
(mmHg)
Proportion of DP300 from k2
(%)
Q90
(ml/min)
A 0.024 70 0.999 14 47 974
B 0.034 117 0.997 21 51 746
C 0.010 433 0.999 42 93 444
In all cases the values of k1 and k2 were significantly greater than zero ðP , 0:05Þ:
Table 3. Predicted and measured values of k1 and k2 and pressure drop at 300 ml/min ðDP300Þ for pairs of stenoses (10 cm separation).
Stenosis pair k1 predicted
(PRU)
k1 measured
(PRU)
k2 predicted
(mPRU/ml/min)
k2 measured
(mPRU/ml/min)
Correlation
coefficient ðR2Þ
DP300 predicted
(mmHg)
DP300 measured
(mmHg)
A–B 0.058 0.052 187 186 .0.999 35 32
B–A 0.042 193 .0.999 30
B–C 0.044 0.028 550 508 .0.999 63 54
C–B 0.012 569 .0.999 55
A–C 0.034 0.020 503 472 .0.999 56 48
C–A 0.014 518 .0.999 51
All values of k1 and k2 were significantly greater than zero ðP , 0:05Þ:
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with a six-fold increase in the value of the inertial
coefficient, a marked increase in the pressure drop at a
reference flow of 300 ml/min and a marked fall in the
maximum flow for an inflow pressure of 90 mmHg.
This observation explains why previous studies have
observed that the overall effect may be dominated by
the anatomically most severe stenosis.
In this study, the measured values of k1 for multiple
stenoses were consistently found to be less than the
predicted values suggesting that there is an effect
caused by the presence of multiple stenoses in
proximity to each other. The flow disturbance created
by the upstream stenosis can affect the flow through
the second in such a way that flow patterns are altered
and this is reflected in changes in the measured
parameters. In contrast to previous studies, we found
that the order of the stenoses did have a measurable
and consistent effect and the explanation for this is
probably also due to the effect of sequential stenoses
on the overall laminar/non-laminar flow pattern but
will require more detailed flow field visualisation
studies to confirm.
One apparent limitation of Dodds’ two-parameter
resistance-flow model is that it is not a single number
that expresses the overall functional severity of an
affected arterial segment. Alternative measures of the
overall functional effect that have been used previously
are the resting pressure drop, the maximum flow and
change in pressure at a single point from as flow
increases from resting to the maximum. These measures
have been used to estimate the severity of aortoiliac
disease and predicting the functional outcome of an
arterial bypass graft. However, the criteria for interpret-
ing these measures have been derived empirically and
are not in themselves a definition of ‘critical’ disease.
There have been numerous attempts to define the
term ‘critical’ as applied to a single arterial steno-
sis.19 – 21 We have shown that a composite stenosis can
create a functional effect identical to a single stenosis
and this implies that ‘critical’ should be defined in
functional terms, not in terms of individual stenosis
geometry. Arterial disease has a clinical effect because
of a limitation of blood flow and what may be
considered ‘critical’ depends on the haemodynamic
environment of the diseased vessel. If simultaneous
pressure and flow measurements are performed in
vivo a significant pressure gradient is observed before
the resting flow is reduced and the resting flow only
falls once the limit of tissue autoregulation is reached.
For example, the flow in the carotid artery is
maintained approximately constant by cerebral auto-
regulation and a carotid stenosis will only become
Table 4. Predicted and measured values of k1 and k2 and pressure drop at 300 ml/min ðDP300Þ for two of the possible six arrangements of
three stenoses in series.
Stenosis
triplet
k1 predicted
(PRU)
k1 measured
(PRU)
k2 predicted
(mPRU/ml/min)
k2 measured
(mPRU/ml/min)
Correlation
coefficient ðR2Þ
DP300 predicted
(mmHg)
DP300 measured
(mmHg)
A–C–B 0.068 0.032 620 642 .0.999 77 67
B–C–A 0.068 0.028 620 607 .0.999 77 63
Fig. 2. The derived resistance (R) versus flow (Q) lines for steady flow of water through individual stenoses given in Table 1
ðR2 . 0:999Þ.
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haemodynamically ‘critical’ when this resting flow is
impaired.1 By contrast, in the leg, blood flow varies
from a resting value to more than five times this
during moderate exercise and a critical stenosis in this
situation could be defined as one that limits the
maximum flow to a level that fails to meet the
increased demands of the tissue. In both cases,
the stenosis is flow limiting it is just the demands of
the end organ that are different as was concluded by
May.19 In the situation where there is a collateral
supply (e.g. both the carotid and peripheral arterial
tree), the degree of collateral development is
important as even a total occlusion may have minimal
functional effects if there is a well-developed collateral
circulation. In all these scenarios, the point of criticality
is where the limit of tissue autoregulation is reached
and in this case flow to the organ can only increase if
the perfusion pressure increases. Thus, the most useful
definition of a critical arterial stenosis, be it simple or
complex, is one where the pressure drop is equal to the
available pressure at the required flow. However, by
defining this in precise mathematical terms using the
May–Dodds equation, correct interpretation of press-
ure and flow measurements made under resting
and hyperaemic conditions becomes possible and
resolves the apparently contradictory conclusions of
previous studies.
Conclusion
The combined hydraulic resistance of any combination
of stenoses in a single arterial segment can be
represented by a linear resistance-flow relationship
that represents a single equivalent stenosis. The
condition for a critical stenosis also depends on the
inflow pressure, the flow requirements of the end
organ and the degree of collateral development.
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